-Benjamin Franklin in Advice to a Young Tradesman (1748) Consider the pricing problem faced by FedEx. Each customer has a package to ship, a deadline d by which he needs his package to arrive, and a value v for a guarantee that the package will arrive by his deadline. FedEx can (and does) offer a number of different shipping options in order to extract more revenue from their customers. In this paper, we solve the optimal (revenue-maximizing) auction problem for the singleagent version of this problem. Our paper adds to the relatively short list of multiparameter settings for which a closed-form solution is known.
This research was done in part while the authors were visiting the Simons Institute for Theoretical Computer Science. The second and third authors are funded by the National Science Foundation under CCF grant 1420381. The fourth author is funded by the European Research Council under the European Union's Seventh Framework Programme (FP7/2007 (FP7/ -2013 Our main result is a characterization of the revenue-optimal auction for this setting. For each delivery option of 1 through n days, the mechanism specifies a distribution of prices. The customer, knowing the distributions, specifies a delivery option of i days, and then a price is drawn randomly from day i's distribution and offered to the customer.
We formulate the optimal auction problem as a continuous infinite linear program, take its dual, and determine a sufficient set of conditions for optimality. We then show how to construct a sequence of "revenue-type" curves Γ ≥i (·). Each such curve represents the optimal revenue on days i through n given a price that might be set on day i. That is, Γ ≥i (p) corresponds to the sum of (1) the revenue from selling day i delivery at a price of p to customers with a deadline of i and (2) the optimal revenue (when constrained by this choice on day i) from days i + 1 through n, where the constraint comes from the requirement that it is incentive compatible for a customer to report his true deadline rather than an earlier one. This curve also incorporates "ironing" so as to ensure incentive compatibility, and this ironing may lead to randomization over prices. We use these curves to construct a solution to the primal and dual linear programs that satisfies conditions sufficient for optimality.
Our result is one of relatively few exact and explicit closed-form generalizations of [Myerson 1981 ] to multi-parameter settings with arbitrary joint distributions, and contributes to recent breakthroughs in this space. Key take-aways are the following:
(1) Our result requires a new way of combining and ironing revenue curves. In Myerson's optimal auction for irregular distributions, ironing ensures incentive compatibility and gives an upper bound on the optimal revenue. Myerson shows that this upper bound is in fact achievable using randomization. Similarly, our combined and ironed curves yield upper bounds on the revenue, and we show that these upper bounds can be realized with lotteries. In Myerson's setting, ironing is required to enforce incentive compatibility constraints among multiple bidders. In our setting, we need ironing even for one bidder because of the multiple parameters. This may suggest that ironing is one of the biggest hurdles in extending Myerson's results to more general settings. (2) The optimal auction we obtain is constructed inductively and, consequently, is relatively simple to describe. Once the distribution of prices has been determined for delivery by day i, using Γ ≥i+1 (·), we show how to define the distribution of prices for delivery by day i + 1. The latter involves randomizing over up to 2 i prices. (3) The duality approach gives a closed-form allocation rule. Naive attempts to solve this problem, even for the case where there are only two or three possible deadlines, leads to a massive case analysis depending on the priors. Even in cases where the optimal auction is deterministic, setting these prices is not straightforward. For example, for three possible deadlines, the optimal deterministic mechanism can require 1, 2, or 3 distinct prices, and determining how many prices to use and how to set them seems non-trivial. Our duality approach, however, leads to a unified allocation rule with no case analysis at all. This paper strengthens the emerging understanding that duality is useful for determining the structure of the optimal auction in non-trivial settings and for analyzing the resulting auction.
The full (working) paper, including references to related work, can be found here.
